Abstract. For nonnegative integers n 2 , n 3 and d, let N (n 2 , n 3 , d) denote the maximum cardinality of a code of length n 2 + n 3 , with n 2 binary coordinates and n 3 ternary coordinates (in this order) and with minimum distance at least d. For a nonnegative integer k, let C k denote the collection of codes of cardinality at most k.
Introduction
Let Z + be the set of nonnegative integers, and let [n] = {1, ..., n}, for any n ∈ Z + . Let n 2 , n 3 ∈ Z + be fixed. Then a mixed binary/ternary code is a subset of [2] n 2 [3] n 3 . Mixed codes are of interest because of their application to football pools, see for instance [6] . Whenever [n] consists of the letters of an alphabet of a code, we take the letters mod n. Since all codes considered in this paper are mixed, i.e., both n 2 > 0 and n 3 > 0, we will speak of codes from now on. An element of a code is called a codeword or word.
Given two words v, w ∈ [2] n 2 [3] n 3 , the Hamming distance d H (v, w) between v and w is the number of positions i ∈ [n 2 + n 3 ] for which v i = w i . The Hamming distance between a word v and the all-zero word is called the weight of v, denoted w(v). For a code C, the minimum distance of C is equal to the minimum of d H (v, w), where we range over distinct v, w ∈ C. Note that with this definition, the empty code and codes of size one do not have a minimum distance. The maximum cardinality of a code with minimum distance at least d is denoted by N (n 2 , n 3 , d). We will define a hierarchy of upper bounds on N (n 2 , n 3 , d) that sharpens the linear programming bound defined in [1] .
For k ∈ Z + , let C k denote the collection of codes of cardinality at most k. Observe that for a code D of size k, positive semidefiniteness of M D (x) is equivalent to nonnegativity of x(D). Hence, in (1), we could as well assume that x : C k → R + . Proposition 1.1. For n 2 , n 3 , d, k ∈ Z + , it holds that N (n 2 , n 3 , d) ≤ N k (n 2 , n 3 , d).
Proof. Let D ⊆ [2] n 2 [3] n 3 be of minimum distance at least d, such that |D| = N (n 2 , n 3 , d). Define x : C k → R by x(C) = 1 if C ⊆ D and x(C) = 0 otherwise. This function clearly satisfies conditions (i) and (ii) of (1) .
, and the proposition follows.
In this paper, we consider k = 3. The optimization problem (1) for triples of codewords is very large. However, the problem is highly symmetric and therefore representation theory of the symmetric group can be applied in order to reduce the dimensions to size bounded by a polynomial in n 2 and n 3 . This enables us to solve (1) by semidefinite programming for many choices of triples (n 2 , n 3 , d) ∈ N 3 . We will now describe the ideas of the reduction. The precise details may be found in Section 3.
Let G be the isometry group of [2] 2 ⋊ S n 2 and H 3 is the wreath product S n 3 3 ⋊ S n 3 . Here, S m denotes the symmetric group on m letters. For i = 2, 3, an element h ∈ H i permutes the n i coordinates and permutes the letters in [i] in every of the n i positions. The group G acts on C k and hence on functions x : C k → R, via x π (C) := x(π −1 (C)), for π ∈ G and C ∈ C k . By definition of G, minimum distances of codes are preserved under this action. Let x : C k → R be a function satisfying the conditions and maximizing the objective function of (1). For π ∈ G, the function x π again satisfies conditions (i) and (ii) of (1). Condition (iii) is met as well, as the matrix M D (x π ) is obtained from M D (x) by simultaneously permuting rows and columns. Since π is a bijection of [2] n 2 [3] n 3 , the objective function does not change when replacing x by x π . Averaging over the group G yields a G-invariant function y, for which the matrices M D (y) are positive semidefinite by convexity of the set of positive semidefinite matrices. This shows that the optimal function x can be taken to be G-invariant.
Let Ω be the set of orbits of C k under the action of G. Since a G-invariant function y is constant on orbits, for each D ∈ C k the matrix M D (y) can be written in terms of variables y(w), with w ∈ Ω. Let G D be the subgroup of G that leaves D invariant. Then M D (y) is invariant under the induced action of G D on its rows and columns. Therefore, it admits a block-diagonalization M D (y) → U T M D (y)U , where U is a matrix independent of y (see equation (3)). The matrix M D (y) is positive semidefinite if and only if each of the blocks is. This accounts for a large reduction as the blocks have far less entries than the original matrix, and the same block occurs repeatedly.
For D ∈ C k and π ∈ G, the matrix M D (y) differs from M π(D) (y) by a permutation matrix. Hence, positive semidefiniteness of M D (y) needs only be checked for one element D out of each G-orbit of C k . Throwing away equivalent blocks, we are left with blocks whose entries are linear functions in the variables y(w). The number of variables is bounded by a polynomial in n 2 and n 3 , see Section 4.1.
The blocks as well as some further reductions of the optimization problem will be described in Section 3. The entries of the matrices are computed in Section 4. Table 1 at the end of the article shows the improvements that were found using the multiple precision versions of the semidefinite programming algorithm SDPA, with thanks to SURFsara (www.surfsara.nl) for the support in using the LISA Compute Cluster.
Several previously best known upper bounds were obtained via linear programming and extra constraints in [1] by Brouwer, Hämäläinen,Östergård and Sloane. For d = 3 and d = 4, improvements were found byÖstergård using backtrack search in [9] and [8] respectively. The tables in [2] , maintained by Andries Brouwer, contain all known bounds on the size of binary/ternary error-correcting codes.
Comparison with earlier bounds
The above described method is an adaption of the one in [7] and builds upon the work of Gijswijt, Mittelmann, Schrijver and Tanaka in [3] , [5] , [11] . Proposition 1.1 generalizes Proposition 1 of [7] for the binary and ternary case. In fact, for fixed t ∈ Z + and distinct p 1 , ..., p t ∈ N, the statement in Proposition 1.1 can be generalized to the case of mixed codes of length n 1 + ... + n t , with n i coordinates chosen from an alphabet with p i letters, for i = 1, ..., t.
The method described in the previous section (with k = 3) fits into the second level of the Lasserre hierarchy for stable sets. It can be proved that for k = 2, Proposition 1.1 reduces to the pure linear programming bound described in Section 2 of [1] .
Theoretically, our method could be extended to k ≥ 4. However, the number of variables involved in the semidefinite program grows rapidly when going from k = 3 to k = 4. In practice, for k = 4 only one case could be made tractable. Furthermore, the instances in the tables in [2] where the value N (n 2 , n 3 , d) is yet unsettled, typically involve codes for which the length n 2 + n 3 is large compared to the distance d. This amounts to many and large constraint matrices.
Preliminaries on representation theory
In this section some background information on group actions and representation theory of finite groups is given. It mostly concerns representation theory of the symmetric group. Proofs and details of the statements given are omitted. For these we refer the reader to chapters 1 and 2 of Sagan's book [10] . Furthermore, this section is intended to set up the notation that is used throughout the article.
Let G be a finite group and X a set. Let S X denote the group of bijections from X to itself. A group action from G on X is a group homomorphism G → S X . If G acts on X, we denote g · x for the image of x under the bijection associated to g, where x ∈ X and g ∈ G.
If X is linear, elements of S X are also assumed to be linear. This applies for example to the following situation. For a field K and a set X, let K X denote the linear space of maps from
Lastly, by X G we denote the set of elements of X that are left invariant by all of G.
The following review of the representation theory of finite groups is not as general as possible, but rather concrete, which suits our purposes. Let m ∈ Z + and let V = C m be acted upon by a finite group
, for all g ∈ G and v ∈ V . The module V is called irreducible if it has no nontrivial G-invariant submodules.
Assume now that G acts unitarily on V . This means that for every g ∈ G there is a unitary matrix U such that g · v = U v for all v ∈ V . Then the standard inner product v, w = v * w on V , where * denotes the complex conjugate, is a G-invariant inner product, i.e., g · v, g · w = v, w for all g ∈ G and v, w ∈ V . If U ⊂ V is a submodule, then so is U ⊥ := {v ∈ V | v, u = 0 ∀u ∈ U }. This shows that V admits a decomposition into pairwise orthogonal irreducible submodules (Maschke's theorem). Grouping mutually isomorphic submodules, we write
We have that V i,j and V i ′ ,j ′ are isomorphic irreducible G-modules if and only if i = i ′ .
With notation as above, Schur's lemma implies that the space of G-endomorphisms of V is linearly isomorphic to a direct sum of matrix algebras with sizes given by the multiplicities:
We describe an explicit isomorphism. For every i ≤ k and j ≤ m i , choose a nonzero vector
are given by the vectors u i,j .
Definition 2.1. In the situation as described above, any set of matrices {U 1 , ..., U k } is called a representative set for the action of G on V .
If {U 1 , ..., U k } is a representative set, then the function
is a linear isomorphism (see Theorem 3 of [4] for a proof). Recall that a complex-valued matrix is positive semidefinite if it is a Hermitian matrix whose eigenvalues are all nonnegative. An important property of Φ is that both Φ and its inverse preserve positive semidefiniteness. In this article, the previous is applied to the case where a finite group G acts realorthogonally on a vector space V = R m . This means that for every g ∈ G there is a real orthogonal matrix U such that g · v = U v for every v ∈ V . We will describe a representative set {U 1 , ..., U k } for the action of G on V consisting of real matrices. In that situation, V can be decomposed as
where RG is the group algebra of G. The map Φ in (2) becomes
where T denotes taking the transpose. Then A is positive semidefinite if and only if each of the blocks U T i AU i is. For reasons that become apparent later, we view the columns u i,j of the matrices in the representative set as elements of the dual space V * via the G-invariant inner product.
2.1 A representative set for the action of S n on V ⊗n For n ∈ N, consider the action of the symmetric group S n on a finite dimensional real vector space V ⊗n by permuting the indices. We will describe a representative set for this action in terms of semistandard Young tableaux.
A partition λ of n is a sequence of natural numbers λ 1 ≥ ... ≥ λ t > 0 such that n = λ 1 + ... + λ t . The number t is called the height of λ. If λ partitions n, we write λ ⊢ n to indicate this. With respect to a partition λ ⊢ n of height t, we define the Ferrers diagram
Let (B (1), ..., B(m)) be an ordered basis of the dual space V * . For a Young tableau
Here, we order Y (λ) by concatenating the rows, starting from the first row. The matrix set
is a representative set for the action of S n on V ⊗n .
Reduction of the optimization problem
In this section we describe the reduction of the optimization problem (1), using the notation set up in the previous sections. This is done by finding representative sets for the action of G D on R S(D) for one code D out of each orbit w in Ω. Fix n 2 , n 3 , d ∈ Z + and set k = 3. If a code D ∈ C k has size 2 or 3, then S(D) = {D} and M D (y) = (y(D)). Condition (iii) of (1) then amounts to nonnegativity of the variable y(D). Subsequently, we need only to deal with codes D with |D| = 0 or |D| = 1.
A code of size one
Since the isometry group G acts transitively on [2] 
2 ⋊ S n 3 ). To obtain a representative set for the action of G D on R S(D) , we first describe a representative set for the action of G D on R [2] n 2 [3] n 3 and then restrict to words of weight zero or at least d.
In order to obtain a representative set, consider independently the action of the trivial group on R [2] and the action of S 2 on R [3] , permuting the nonzero letters. Let e j be the j-th unit vector of R [2] , with j = 1, 2 and let f l be the l-th unit vector of R [3] , with l = 1, 2, 3. Define the following matrices
where we view the vectors as columns vectors. Then {A 1 } and {A 2 , A 3 } form representative sets for the actions just described 1 .
Set m 1 = m 2 = 2 and m 3 = 1 and let N 1 denote the set of triples (n 2 , l 2 , l 3 ) ∈ Z 3 + such that l 2 + l 3 = n 3 . For n = (n 2 , l 2 , l 3 ) ∈ N 1 , by λ λ λ ⊢ n we indicate that λ λ λ = (λ 1 , λ 2 , λ 3 ) with λ 1 ⊢ n 2 , λ 2 ⊢ l 2 and λ 3 ⊢ l 3 . Let λ λ λ ⊢ n, then we define
For τ τ τ = (τ 1 , τ 2 , τ 3 ) ∈ W λ λ λ we define
Then Proposition 2 of [7] implies the following.
Proposition 3.1. The matrix set
is a representative set for the action of
Next we reduce to words of weight zero or at least d. Indeed, every permutation of G D leaves the weight of a word invariant. We now define
Then a representative set for the action of G D on R S(D) is given by the matrix set 1 The vectors e1, e2 and f1, f2 + f3 span different copies of the trivial representation inside R [2] and R [3] respectively. The vector f2 − f3 spans a copy of the sign representation of S2 inside R [3] . 2 The vector e1 + e2 spans a copy of the trivial representation of S2 in R [2] and the vector e1 − e2 accounts for the sign representation. The space R [3] decomposes as a S3-module into the standard representation, spanned by for example f1 − f2 and f2 − f3, and the trivial representation, spanned by f1 + f2 + f3.
Set m 1 = m 2 = m 3 = m 4 = 1 and let N 0 denote the set of quadruples (l 1 , l 2 , l 3 , l 4 ) ∈ Z 4 + such that l 1 + l 2 = n 2 and l 3 + l 4 = n 3 . For n = (l 1 , l 2 , l 3 , l 4 ) ∈ N 0 , by λ λ λ ⊢ n we indicate that λ λ λ = (λ 1 , λ 2 , λ 3 , λ 4 ) with λ i ⊢ l i for 1 ≤ i ≤ 4. Let λ λ λ ⊢ n, then we define
For τ τ τ = (τ 1 , τ 2 , τ 3 , τ 4 ) ∈ Z λ λ λ we define
Using Proposition 2 of [7] again yields the following representative set. Proposition 3.2. The matrix set
Next we have to add the empty code D. Since G D acts trivially on D, the vector e ∅ should be added to the G D -isotypic component that consists of the G D -invariants. This is the matrix indexed by the partition λ λ λ = ((n 2 ), (), (n 3 ), ()) of n = (n 2 , 0, n 3 , 0). Here, () denotes the partition of zero and (n i ) the partition of n i of height one, for i = 2, 3.
Computation of the coefficients
In the previous section representative sets for the action of G D on R S(D) were found for the case that D is the empty code and for the case that D consists of the all-zero word. These sets are used to block-diagonalize the matrix M D (y) in either case. In this section we show that the sizes and the number of the blocks are bounded by a polynomial in n 2 and n 3 . Furthermore, it is derived that the coefficients of the blocks can be computed efficiently. As before, we make a distinction between a code D of size zero and one, starting with the latter.
A code of size one
Let D be the code consisting of the all-zero word 0. Let Ω be the set of orbits of C 3 under the action of G. Recall that S(D) consists of pairs of words containing 0. For w ∈ Ω, we define the
Consider again the representative set from (6). Given n ∈ N 1 and λ λ λ ⊢ n, let U λ λ λ be the matrix corresponding to λ λ λ and n. Applying the map Φ from (3) to M D (y) gives
This implies that we have to compute the blocks U T λ λ λ N w U λ λ λ for all λ λ λ ⊢ n and for all w ∈ Ω. We first argue that the sizes and number of these blocks are bounded by a polynomial in n 2 and n 3 .
From Section 3.1 it is clear that |N 1 | = n 3 + 1 and that for each n ∈ N 1 , there is polynomial number (in n 2 and n 3 ) of λ λ λ that partition n. For each λ λ λ ⊢ n, with λ λ λ = (λ 1 , λ 2 , λ 3 ) and such that the height of λ 1 and λ 2 is at most 2 and the height of λ 3 is at most 1, the cardinality of W ′ λ λ λ is seen to be bounded polynomially in n 2 and n 3 as well. Observe that Ω = Ω 2 × Ω 3 , where Ω i is the set of orbits of the collection of codes in [i] n i of size at most 3 under the action of H i = S n i i ⋊ S n i . The observations preceding Lemma 1 of [7] show that Ω 2 is polynomially bounded in size by n 2 , and Ω 3 similarly by n 3 . This settles the first part of this section. Next we turn to computing the coefficients of the blocks U T λ λ λ N w U λ λ λ for all n ∈ N 1 , λ λ λ ⊢ n and for all w ∈ Ω.
Given λ λ λ ⊢ n, calculating the coefficients amounts to computing the expressions u T σ σ σ N w u τ τ τ , where σ σ σ and τ τ τ range over W ′ λ λ λ . We introduce some notation. Let Π 2 and Π 3 denote the collection of partitions of {1, 2, 3} into at most 2 parts and at most 3 parts respectively. For P ∈ Π 2 , let c P be the average of e i ⊗ e j in R [2] ⊗ R [2] such that part(0ij) = P , with i, j ∈ [2] . Similarly, for P ∈ Π 3 , let d P be the average of f i ⊗ f j in R [3] ⊗ R [3] such that part(0ij) = P , with i, j ∈ [3] . Then the sets
form orthogonal bases for R [2] ⊗ R [2] and (R [3] ⊗ R [3] ) S 2 respectively, where S 2 permutes the nonzero letters. Let M * i denote the dual basis of M i for i = 2, 3. Let Q 2 denote the set of monomials of degree n 2 on R [2] ⊗ R [2] and Q 3 those of degree n 3 on (R [3] ⊗ R [3] ) S 2 . Analogous to Section 4 of [7] , the function (
, that maps an ordered triple (α, β, γ) to {α, β, γ}, induces a surjective function
For any µ ∈ Q 2 and ν ∈ Q 3 , define
Lemma 4.1. Let w ∈ Ω. Then we have that
Proof. This follows directly from Lemma 1 of [7] .
The lemma implies that it suffices to compute the expressions u T σ σ σ K µ,ν u τ τ τ . Thereto, with respect to σ σ σ = (σ 1 , σ 2 , σ 3 ) and τ τ τ = (τ 1 , τ 2 , τ 3 ) and the matrices in (4), we define the following polynomial
Then p σ σ σ,τ τ τ is a polynomial of degree n 2 + n 3 on (R [2] ⊗ R [2] ) ⊗ (R [3] ⊗ R [3] ) S 2 and can be computed in terms of the A j (l) ⊗ A j (l) in polynomial (in n 2 and n 3 ) time (see Appendix 2 of [7] ). In view of Lemma 2 of [7] we have
Hence we are faced with expressing the polynomials p σ σ σ,τ τ τ as linear combinations of the µν ∈ Q 2 Q 3 . In order to do so, we write the expressions A j (l) ⊗ A j (m) as linear functions in the bases M * 2 and M * 3 , for all possible combinations of j, l and m. The equations may be found in the appendix (Section 6).
The empty code
This section deals with the case that D is the empty code. Since it is highly similar to the previous section, we omit some of the details. In the last part of this section it is explained how the empty code is added. For w ∈ Ω, we define the [2] 
Consider again the representative set given in Proposition 3.2. Given n ∈ N 0 and λ λ λ ⊢ n, let U λ λ λ be the corresponding matrix. As before, the blocks U T λ λ λ M w U λ λ λ are computed. Only the orbit corresponding to the empty set, the orbit corresponding to the singletons and the orbits of pairs of distinct words are taken into account.
The number of orbits representing pairs of words equals the number of ordered partitions of the possible distances in at most two parts. This gives a number of orbits that is polynomial in n 2 and n 3 . From Section 3.2 it is furthermore clear that |N 0 | = (n 2 + 1)(n 3 + 1) and that for each n ∈ N 0 , there is only one λ λ λ = (λ 1 , ..., λ 4 ) that partitions n if all λ i are of height at most 1. From this it follows that the cardinality of Z λ λ λ is one for any such λ λ λ, resolving the issue that only a polynomial number of blocks, that are of polynomial size, needs to be considered. We turn to the computation of the coefficients.
With notation as in the previous section, let Π = {{123}, {12, 3}} ⊂ Π 2 . The sets M 2 = {c P | P ∈ Π} and M 3 = {d P | P ∈ Π} form orthogonal bases for (R [2] ⊗ R [2] ) S 2 and (R [3] ⊗ R [3] ) S 3 respectively. Let M i * denote the dual basis of M i , for i = 2, 3. Similar to the previous section, we are ultimately led to the problem of expressing the tensors B j (1) ⊗ B j (1) (see (7)) as linear functions in the bases M 2 * and M 3 * , for 1 ≤ j ≤ 4. The equations are found in the appendix (Section 6).
Lastly, the empty code is added. As mentioned at the end of Section 3.2, we create an extra row and column corresponding to the vector e ∅ to the matrix indexed by the partition λ λ λ = ((n 2 ), (), (n 3 ), ()). The upper left coefficient is equal to e T ∅ M D (y)e ∅ = y(∅) = 1, by (i) of (1). For λ λ λ = ((n 2 ), (), (n 3 ), ()), the cardinality of Z λ λ λ is one, hence there is only one more coefficient to compute. Let σ σ σ be the unique element in Z λ λ λ , then v σ σ σ = u∈[2] n 2 [3] n 3 e u and we compute e where w is the orbit corresponding to singletons of words.
Table
The following table shows the improvements that were found on the known upper bounds of N (n 2 , n 3 , d). we thank Andries Brouwer for notifying the author about two improved upper bounds that follow from our calculations.
